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Abstract 

 For geodynamics application we need to investigate the 

velocity uncertainties from GPS position time series. The 

only problem is that they are affected by time‐correlated 

noise.  The proper time series analysis using GPS technique 

is that where we understand all stochastic effects that are 

captured using an appropriate noise technique. In time 

series analysis is very important to classify the source of 

noise: white noise, flicker noise, and random walk, because 

it is a tool for improving the accuracy. 

 The paper is studying the time correlated noise, 

estimates of spatial correlation, and multivariate power 

spectrum. For the processing technique we used spectral 

analysis and Maximum Likelihood Estimation. The best 

model for the noise characterizes of all three position 

components is a combination between white and flicker 

noise. Also we present the unmodelled periodic effect 

which is best captured in the harmonics function. The 

harmonics that are presented in the paper are: annual signal 

harmonics and GPS draconitic period harmonics.  
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1.  Introduction  

 
 For many applications of Global Positioning System for a 

better understanding and more precise results we need to 

have good knowledge of the time series error spectrum [1]. 

 The GPS technology has proven that it is an outstanding 

tool that can be employed in geodynamics application as: 

crustal motion, deformation, etc.  The uncertainties and 

geodetic velocity are indirectly derived through repeated 

position measurements of given points [2]. The relative 

measured antenna position  of the point is the result of 

noise  and antenna motion. 

 A constant long term signal (interseismic) rate is not the 

only contribution to the antenna motion, but also offset due 

to antenna changes or coseismic displacement, annual or 

semiannual seasonal deformations, or postseismic 

deformation [2]. 

 The vertical and horizontal velocities of permanent GPS 

station are generally estimated from position time series. For 

many geophysical application it is required proper analysis of 

position time series, which requires unbiased estimates of 

velocity and their uncertainties.  The main goal of the GPS 

position time series is to be able to differentiate between the 

functional model and the stochastic effect in the series.  The 

functional model consist of linear trend, offsets, and potential 

periodicities which are explain by the deterministic model, 

while the  remaining unmodeled effects can be described by a 

proper stochastic model [3]. It is highly recommended to 

model optimally both models. 

 In site position we are dealing with seasonal variation in 

site position which consist of signals  from various 

geophysical sources and systematic modeling errors [4]. Site 

position time series obtained from continuous GPS arrays 

show significant seasonal variations with annual and 

semiannual periods. Such seasonal deformation is present in 

both global and regional GPS coordinate time series [4][5]. 



Journal of Geodesy, Cartography and Cadastre 

 

19 
 

 
 

[6] concluded that if it isn’t correctly estimated in the 

model the annual variation signal, the site velocity are 

greatly biased. Seasonal variation can be modeled to a large 

extent by a set of harmonic function [7].  By using a set of 

harmonic function it can be shown that colored noise of the 

series mimic periodic patterns [3].  

 [8], [9], [7], [10], [11], [12] revealed harmonics of 

around 351 days and its higher harmonics in the series, 

which coincides with the “GPS draconitic year” period, i.e., 

the 351.4 days required for a GPS orbit to repeat its inertial 

orientation with respect to the Sun. The draconitic signals 

are probably caused by spurious aliasing, orbital errors 

(e.g., eclipse modeling and solar radiation modeling) and/or 

propagation of site-dependent effects such as multipath.  

 The effect of white noise which is not time dependent 

can be greatly reduced through frequent measurements and 

averaging, but this is not the case for colored noise which is 

time correlated.  Sources of time correlated noise can be 

also: mismodeled atmospheric effects, mismodeled antenna 

phase center, mismodeled satellite orbits [13]. [14] studied 

the noise in the residual time series and he came to the 

conclusion that he was dealing with “fractual white” or a 

combination of white noise and flicker noise.  

 [14] concluded that by using only white noise in the  

analysis, the rate uncertainties were 3-6 times greater then 

by using a combination between white and flicker noise. 

Using the power spectra, the noise was characterized by a 

fractal noise process with a spectral index of -0.4. Site 

velocity uncertainties had resulted as being underestimated 

by a factor of 2–4 if it was neglected the above fractal 

noise.  

 Likewise [13] concluded that their rate uncertainties 

were underestimated by as much as an order or magnitude 

if they neglected the correlated noise. 

 Random walk was also recognize in geodetic data from 

several studies. Random walk noise was detected in 

continuous measurements of strainmeters as well as in  very 

short GPS baseline [15]. 

 To estimate standard error in rate we have to take several 

parameters in to account like: power law noise including 

the amplitude, spectral index, and sampling interval [16].  It 

is easily to understand now that the assumed noise type 

greatly affects the resulting rate uncertainty, and to be able 

to use the results in geodynamics it is necessary to classify 

and quantify the noise components. 

 For characterizing the noise in time series analysis it can 

be used two technique: the maximum likelihood estimation 

(MLE) method, and the power spectral method. The first 

one it is used to examine the data covariance matrix in the 

time /9space) domain, and the second one it is used to 

examine the data in the frequency domain. To model the 

noise effectively it is recommended to use the MLE method 

in contrast to the classical power spectra techniques. In the 

MLE method it is generally used to compute the amount of 

white noise, flicker noise, and random walk noise in the time 

series [14], [15], [13],[17],[18]. 

Concluding the work done by [19], [20], [15] they shown that 

power-law process is close to random walk.  Because the 

near surface is affected by non-tectonic forces such as 

weathering, they concluded that the most probable source for 

this noise appears to be monument instability. Taking the 

work done by [14], where they analyses time series from 10 

continuous GPS sites in Southern California for a period of 

19 month, the time series presented significant coloured 

noise.  Flicker noise plus white noise, or fractional white 

noise best describe the time series instead of random walk 

plus white noise.  Due to shortness of the time series they 

could not rule out the existence of random-walk noise as 

detected by ether geodetic instruments.  

 To be able to estimate the amount of random walk plus 

white noise or flicker plus white noise contained in each time 

series [14] used a maximum-likelihood technique to assess 

the velocity uncertainties. 

 

2.  Problem 

 
 If it is assumed that the covariance matrix reflects 

time‐dependent positions, and if it is assumed that the station 

monuments are moving accordingly to a random walk 

process, then the formal uncertainty of the estimated 

velocities is approximated by [14] [16] [21]: 

 

            (1) 

 

where  represents the random walk noise amplitude. 

Equation (1) express the fact that in the presence of heavily 

correlated time series, velocity uncertainties are significantly 

influenced with respect to those from uncorrelated time 

series. The observation span by adding more (correlated) 

position reduce barely the formal rate uncertainty. Also if it 

is kept the observation span constantly and changing the 

sampling interval, does not affect at all the estimated formal 

uncertainties.  

 The form of the power spectrum that describe many types 

of geophysical signal – that contributes to the noise has the 

form: 

 

                                                                (2) 

 

where  is the spatial or temporal frequency,  and   are 

normalizing constants, and  is the spectral index [22]. 

Typically the spectral index, , lies within the range -3 to 1 

[23]. The process within this range are subdivided into 

“fractional Brownian motion” with  and 
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“fractional white noise” with  [24], [25]. 

Within this stochastic model occurs special cases at the 

integer values. At  we are dealing with classical white 

noise, at  we are subject to flicker noise and 

 we have Brownian motion – the so called “random 

walk”. To refer to power law processes that differs from 

classical white noise, we will use the term coloured noise.  

 For the determination of rate uncertainties it can be used 

the principle of fitting a straight line through a series of  

points  taken at time  that represents the basic liner 

regression problem: 

 

                                                         

(3) 

 

where   is the error term. By assuming that  is a 

linear combination of independent, and they are subject to 

the same distribution unit-variance random variables, 

, and a sequence of temporally correlated random 

variables  such that: 

 

                                            (4) 

 

The amplitude of white noise is represented by the scalar 

factor  and  is the scale factor of coloured noise of 

spectral index . For the measurements  the covariance 

matrix can be expressed as: 

 

                                                               

(5) 

     

where  is the identity matrix and   is the covariance 

matrix for the appropriate coloured noise. The estimates for 

 and  using weighted LS are obtained from: 

 

                                                  

(6) 

 

 

where: 

 

                                                               (7) 

 

                                                                  (8) 

 

                                                                       (9) 

 

And for the estimates the covariance matrix is: 

 

                                                            (10) 

 

If we consider that the power –law takes the spectral index 

 then the covariance matrix can be derived using 

the method described by [26]. If it is considered a matrix of 

transformation  such that a sequence of random variables  

with covariance matrix  is created from a vector  of 

identically distributed unit-variance random variables 

by . Then the covariance matrix  is by propagation 

of errors as: 

 

                                                                      (11) 

 

Since the covariance matrix  then .  [27] 

developed a transformation matrix using the method of 

fractional differencing/integrating which has the form: 

 

                                    (12) 

 

And  

 

                                     (13) 

 

As . 

 The scale factor of the transformation matrix  is , 

where  is the sampling interval, before forming the 

covariance matrix defined by . From this it can be 

concluded that the power spectra for any noise source with 

spectral index  will cross at the same frequency given the 

same sampling interval  and equal noise amplitude . The 

equation that defines the power spectra is: 

  

                                                                       (14) 

 

here 

 

                                 (15) 

 

And  is the sampling frequencies in Hz. The cross-over 

frequencies  is: 

 

                                                      (16) 

 

Each column of the transformation matrix  is scaled id the 
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data is not equally spaced by the individual . 

 

a. White noise 

This is the case where . It can be seen that if in Eq. 

(12) and (13) that if ,  and 

therefor  and . That is, the covariance matrix is 

scalar and, since  is independent of time. 

 

b. Random walk noise 

This is the case where . If  then  for 

any  and so: 

 

                                                    

(17) 

 

The covariance matrix is therefore equal to: 

 

                                  

(18) 

 

and is exactly the same as the matrices described in [13], 

[14], [26]. 

 

c. Flicker noise 

This is the case where .  In this case the covariance 

matrix  was approximated by [14]. The constants in this 

matrix were chosen so that the power spectrum of random-

walk noise and flicker noise cross at a period of one year, 

when we are using a sampling interval of one day and equal 

amplitude ( ).   But this is the earlier covariance 

matrix and the major difference is the scaling of the 

amplitude, because this is not exactly the same as that derived 

from the above transformation matrix.  From the power-

spectrum equations it can be estimated the scaling between 

the ‘new’ and ‘old’ amplitudes. This is: 

 

                                                                   (19) 

 

                                            (20) 

 

Therefore 

 

                                 (21) 

 

If it is used a sampling frequency of one per day (in Hz) then: 

 

                                                           (22) 

In any studied if it is used the new matrix,  the covariance 

matrix from [14] must be scaled before being used for the 

determination of flicker noise. 

 

3.  Resolving the Problem 
 In the experiment we have used the data for a period of 12 

years from the 2002 to 2014. For the analysis we used both 

methods: spectral analysis and a combination of white and 

flicker noise. 

 In fig. 1 it is presented the daily observation. 

 It can be observed that the rms is 6.75 mm in the North 

part, in the East part it is 56.90 mm and 10.68 mm vertical. 

 At first we have begun with the analyses on power law 

spectra – fig.2. The noise model was Arma. 
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Fig. 1 Daily observation 

 

 
Fig. 2 power law spectra 

  

We continue with the deterending process and the results are 

presented in fig. 3 

 

It can be observed that the WRMS it around 2 mm in 

horizontal, with the normalized rms around 1mm.  

 

 

By inducing the annual sesonal variation to computed 

realistic values it can observe that the NRMS “suffers” 

noticeable changes, and also the rate uncertainties. The 

results are presented in fig.4.
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Fig. 3 Detrending daily observation without seasonal variation 

 

 

 

 

 
Fig. 4 Detrending daily observation and taking into account the annual variation 

 The values that resulted by adding the seasonal variation 

are: the WRMS didn’t have noticeable changes – in the 

North 3.09 mm, in the East 1.73 mm and in the Vertical 6.89 

mm. The major difference was notice on NRMS where in the 

North was 36.53 mm, in the East 20.62 mm, and in Vertical 

6.33 mm.  

Now we will continue with the spectral analysis to identify 

the seasonal variation, and the draconitic periods – the results 

are presented in fig.5 
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Fig. 5 Spectral analysis with seasonal variation and draconitic periods 

In fig. 5 the green line represents the annual variation and 

the reed lines represents the draconitic periods. 

Including all this analysis it is important to understand 

that to obtain realistic velocity estimates we need to increase 

the amplitude for periods longer than 10 days [17]. In our 

experiment we used a 100 days average. The results are 

presented in fig.6 

 

 
Fig. 6 Average 100 days 
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4.  Conclusions 

 
 The main idea in this paper is that to be able to obtain 

realistic uncertainties we need not only to introduce into 

the computation part the seasonal variation but also to 

use proper method to estimate the noise. 

 In time series analysis the coloured noise has 

significant effect on the uncertainty of rate estimation 

 The recommended combination for estimate the noise 

and to obtain reliable rate uncertainties is the white noise 

plus flicker noise, because a pure white noise model 

underestimate total velocity error. Also we have to take 

into account the annual and semiannual seasonal variation 

and then to make an average for reducing the noise. 

Other suggestion are increasing the sampling rate that it is 

able to reduce the presence of white and flicker noise  - in 

the flicker noise there is not noticeable changes – but in 

the case of random walk the sampling has no effect.  

 The problem is that the model of the noise that has 

been chosen for estimating the uncertainties can bias the 

results.    
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